We prove that if K/Q is a Galois extension of finite exponent and
Introduction
A subset A of the algebraic numbers Q is said to have the Northcott property or property (N) if the set A(T ) := {x ∈ A|h(x) < T } is finite for every positive real number T where h denotes the absolute logarithmic Weil height on Q as defined in [1] or [12] .
For a subfield K of Q and a positive integer d we write K (d) for the composite field of all extensions of K in Q of degree at most d over K. Moreover, we write K ab for the maximal abelian subextension of K/Q.
By a well-known theorem of Northcott (see Theorem 1 in [18] ) any set A ⊆ Q of elements of uniformly bounded degree over Q (i.e., there exists a constant D such that [Q(a) : Q] ≤ D for all a ∈ A) has property (N). In particular any 2010 Mathematics Subject Classification. Primary 11G50, 11R04; Secondary 37P05 * Address: Institute of Mathematics, University of Basel, Rheinsprung 21, CH-4051 Basel, Switzerland. E-mail address: sara.checcoli@unibas.ch † Address: Department for Analysis and Computational Number Theory, Graz University of Technology, Steyrergasse 30/II, 8010 Graz, Austria. E-mail address: widmer@math.tugraz.at number field has property (N). Property (N) for certain infinite extensions of Q has first been studied by Bombieri and Zannier in [2] . In particular they proposed the following question: Property (N) for infinite extensions of Q has also been studied by the second author in [19] where he proved a simple but fairly robust criterion for a field to have property (N). We will use this criterion in Section 3.
Recall that an algebraic extension K/Q is said to have uniformly bounded local degrees if there exists a positive integer b such that, for every prime number p and every valuation v of K above p, the completion K v is an extension of Q p of degree at most b.
A fact that is crucial in Bombieri and Zannier's proof of Theorem 1 is the uniform boundedness of the local degrees of Q (d) ab . This is a consequence of the uniform boundedness of the local degrees of Q (d) (see Proposition 1 in [2] ). We shall prove that this property remains valid for K (d) whenever K is a Galois extension of Q with uniformly bounded local degrees. Therefore it seems natural to address the following question: 
In the recent paper [5] the first author gave the following characterization of Galois extensions of uniformly bounded local degrees.
Theorem 2 (Checcoli, 2011). An algebraic Galois extension of the rationals has uniformly bounded local degrees if and only if its Galois group has finite exponent.
Here we prove the following theorem which, due to Theorem 2, gives in particular an affirmative answer to Question 2.
ab has property (N).
Next let us consider the following "stronger version" of Question 1. For a subfield K of Q and positive integers d and n put K
A positive answer to Question 3 would of course establish property (N) for
has property (N). However, from Theorem 3 we easily deduce the following corollary. Recall that (Q A weaker property than property (N), and also being discussed in [2] , is the Bogomolov property. We recall that a set of algebraic numbers A is said to have the Bogomolov property if there exists a positive real number T 0 such that the subset of non-zero elements of A of height smaller than T 0 consists of all roots of unity in A. Here is another consequence of Theorem 3. ab /Q can be generated by elements of uniformly bounded degree which is not true for Q (d) , provided d is large enough, as shown recently by the first author (Theorem 2 in [5] ). Again this is not a necessary condition for property (N) (again see Corollary 2 in [19] ). However, these examples are not contained in Q (d) for any d. So we propose a second modest question.
Question 5:
Are there subfields of Q (d) with property (N) whose subfields of finite degree (over Q) cannot be generated by elements of uniformly bounded degree, for some positive integer d?
Positive answers to the last two questions follow from the group-theoretical constructions made in [4] and the following theorem which might have some independent interest. For subfields K 1 , . . . , K m of Q we write 
• the compositum of the fields K m has the Northcott property.
Finally, in Section 6 we discuss some properties such as property (P) introduced by Liardet and Narkiewicz to study polynomial mappings. It is wellknown that property (N) implies property (P), and we will show that some other properties also follow from property (N). We use results about property (N) and a result of Dvornicich and Zannier to easily answer some open problems proposed by Narkiewicz in [17] regarding these properties.
Proofs of Theorem 3, Corollary 1 and Corollary 2
We start by proving Theorem 3 and then we will deduce Corollary 1 and Corollary 2. For convenience let us recall the statement of the theorem.
ab has property (N). Proof. We first prove that if K/Q is Galois then K (d) /Q is also Galois. In order to do this we take σ ∈ Gal(K/Q). We want to prove that for every embeddinḡ σ :
since σ ∈ Gal(K/Q). Moreover, deg(g i (x)) ≤ d and one of the roots of g i (x) is σ(α i ) which thus belongs to
We now prove the second part of the theorem. Assume that K/Q is Galois with exp(Gal(K/Q)) = b.
First of all we want to prove that the extension K (d) /Q has Galois group with finite exponent. We take σ ∈ Gal(
It is a Galois extension of Q with Galois group of exponent bounded by d!b. Thus by virtue of Theorem 1.2 of [5] , it has uniformly bounded local degrees over Q. Since the extension is also abelian, from Proposition 2.1 of [4] we conclude that K (d) ab is a subfield of Q (m) for some m and therefore of Q
ab . But according to Theorem 1, the latter field has property (N) and so K (d) ab has also property (N).
Next let us recall and prove Corollary 1.
n ) ab has property (N) for any positive integers d and n.
Proof. We notice that
ab for every i. Applying Theorem 2.1 recursively starting from K = Q we obtain that the right-hand side field in (2.1) has property (N) and this concludes the proof.
Finally, let us restate and prove Corollary 2. Proof. Theorem 2 in [2] implies that if L/Q is a Galois extension and there is a non-empty set of rational primes at which the local degrees of L are finite, then L has the Bogomolov property.
In view of Theorem 1.2 of [5] we conclude that if L/Q has Galois group of finite exponent, then L has the Bogomolov property. Now the corollary follows immediately from Theorem 2.1.
Proof of Theorem 4
We fix some notation. Let K ⊆ F ⊆ L be a tower of number fields. We denote by ∆ K the absolute discriminant of K, by ∆ F/K the (relative) discriminant and by N F/K the norm map of the extension F/K. We recall that
We will apply the following criterion, proved by the second author in [19] .
Theorem 3.1 (Widmer, 2011) . 
. be a nested sequence of number fields and set
Proof. We first note that for every positive integer n the group G n is also solvable, and thus, by Shafarevich's Theorem, it is realizable. This means that there exists a Galois extension F n /Q with Gal(F n /Q) = G n . Now F n has n subfields with Galois group isomorphic to G which are pairwise linearly disjoint over Q, in particular their pairwise intersection is Q. Since this can be done for every n, we see that there exists an infinite family F = {K i } i of realizations of G with
Now if we fix any finite extension K/Q then it can only intersect with finitely many elements of F , otherwise it would have infinite degree and this concludes the proof.
Let G be a finite solvable group. We denote by {K i } i a sequence of realizations of G as in Lemma 3.2. Suppose |G| > 1 and consider the following set of fields
By Hermite's Theorem there is only a finite number of number fields with absolute value of the discriminant below a given bound. Therefore the sequence {|∆ H |} H∈F tends to infinity. Now for every H ∈ F the power to which a prime number divides the discriminant ∆ H is bounded from above by
and so depends only on |G| (see, e.g., Theorem B.2.12 in [1] ). Writing p H for the biggest prime number dividing ∆ H , this implies that p Hi → ∞ for every sequence H 1 , H 2 , . . . of distinct elements of F . In particular we have that for every integer B > 0 the set {H ∈ F |p H ≤ B} is finite. Therefore for every B > 0, there exists an integer n such that for every i > n the field K i satisfies p H > B for every Q = H ⊆ K i . We now consider a sequence of finite solvable groups {G i } i . We choose realizations K i /Q of G i such that for every i > 1,
In particular we have
Moreover, we have a nested sequence of number fields
and we want to prove that the field L = i L i (which equals the compositum of the fields K i ) has the Northcott property.
In order to prove this we use Theorem 3.1. Consider an intermediate ex- 
and therefore p 
The latter clearly tends to infinity and thus, by Theorem 3.1, the field L = i L i has the Northcott property.
Answer to Question 4
In this section we affirmatively answer Question 4, that is, we show the existence of a subfield of Q with uniformly bounded local degrees which is not contained in Q (d) for any d but has property (N). To this end we will apply Theorem 4 and the following result, which was proved in [4] (see proof of Theorem 1.1), and, with a slightly different construction, also in [5] (see proof of Theorem 2.(iii)). The groups G m are finite groups of exponent pq. Their construction is due to A. Lucchini and it is based on certain p-groups called extraspecial groups (i.e., p-groups in which the center equals the commutator subgroup and they are both of order p), and their modules. For details on extraspecial groups we refer the reader to Ch.A, §19 and §20 in [6] .
In view of Theorem 4 we can realize the groups {G m } m of Theorem 4.1 with a family of number fields {K m } m in such a way that the compositum K of the fields K m has the Northcott property. This provides a field with the Northcott property with uniformly bounded local degrees but not contained in Q (d) for any integer d.
Answer to Question 5
The goal of this section is to positively answer Question 5. We will show that for any d ≥ 27 there exists a subfield K of Q (d) with property (N) whose finite subextensions of K/Q cannot be generated by elements of uniformly bounded degree.
As in the previous section we will apply Theorem 4. We also need the following result which was proved in Subsection 3.3 of [5] . • the extensions K m cannot be generated over Q by elements of uniformly bounded degree.
Let G and L i be as in Theorem 5.
.g., p.35 in [9] ). Clearly the group G is solvable.
We apply Theorem 4 with G m = G to get a family of fields L i as in Theorem 5.1 whose compositum has property (N). Then the field K of Theorem 5.1 also has property (N) but the finite subextensions of K/Q cannot be generated by elements of uniformly bounded degree.
Some remarks on properties concerning polynomial mappings
In this section we discuss some properties for fields that were introduced by Liardet and Narkiewicz to study polynomial mappings. We will also answer some open problems proposed by Narkiewicz.
Let K be a field and n a positive integer. Following Narkiewicz [17] we say a polynomial mapping f :
.., x n )) is called admissible if none of the f i are linear and their leading forms do not have a nontrivial common zero in the algebraic closure of K (here, as in [17] , linear polynomials includes constants, otherwise no infinite field could have property (SP) from Definition 6.1; just take f (x, y) = (x + y 2 , 1) and X = K × {1}). The following properties were introduced by Narkiewicz in [17] .
Definition 6.1 (Narkiewicz) . A field K is said to have property (SP) if for every n and for every admissible polynomial mapping f : K n → K n the conditions X ⊆ K n , f (X) = X imply the finiteness of X. If this implication holds in the case n = 1 then K has property (P).
Clearly an algebraically closed field cannot have property (P) (just take X = K). On the other hand any number field has property (P), as shown in the early paper [14] of Narkiewicz.
Nowadays it is well-known that for subfields of Q property (N) implies property (P) (see p.534 in [7] or Theorem 3.1 in [8] ). And, as remarked in [7] , the same holds for property (SP). Dvornicich and Zannier used this, combined with the results on property (N), to answers some open problems raised by Narkiewicz in [17] , e.g., "Give a constructive description of fields with property (P) or property (SP)" or "does Q (2) have property (P) or (SP)?". In fact Narkiewicz conjectured already in 1963 (see [15] , and also [16] Problem 10 (i)) that Q (d) has property (P) for any d, and for d > 2 this old conjecture is still open.
In [10] it was shown that property (SP) is preserved under finite extensions. Another interesting question proposed in [17] is whether (P) is also preserved under finite extensions of fields and moreover, whether property (P) is equivalent to property (SP). Dvornicich and Zannier in [7] also answered both of these questions in the negative by giving an ingenious construction in the cyclotomic closure of Q. Theorem 6.2 (Dvornicich-Zannier, 2007) . Let p be a prime such that p − 1 has an odd prime factor l. Let K ′ be the field generated by the roots of unity of p-power order and let K be the unique subfield of
not have property (P) and K does not have property (N).
Instead of considering f (X) = X as in property (P) one might go one step further and ask whether two polynomials f 1 , f 2 ∈ K[x] acquiring the same value set on an infinite subset X of K necessarily have the same degree. For K = Q a negative answer to this question was given by Kubota in [11] . Still with K = Q, Kubota also showed that if deg f 1 < deg f 2 , f 1 (X) ⊆ f 2 (X) and the restriction of f 1 to X is injective then X must be finite. This motivates the following definition introduced by Narkiewicz in [17] on p.95. Definition 6.3 (Narkiewicz) . A field K is said to have property (K) if for every n the following implication holds true. Let Φ : K n → K n be an admissible polynomial mapping and let Ψ : K n → K n be another polynomial mapping. Denote by d the minimum of the degrees of the polynomials defining Φ and by D the maximum of the degrees of the polynomials defining Ψ. If d > D, X is a subset of K n satisfying Ψ(X) ⊆ Φ(X) and the restriction of Ψ to X is injective, then X is finite.
In [13] Liardet has introduced another property related to property (P). We denote by K an algebraic closure of the field K.
Definition 6.4 (Liardet) . A field K is said to have property (P) if for any nonlinear polynomial f ∈ K[x] and every subset X ⊆ K consisting of elements of uniformly bounded degree over K, the inclusion X ⊆ f (X) implies the finiteness of X.
Remark 6.5. In [17] Narkiewicz gives a different definition of property (P), where f ∈ K[x] and X ⊆ f (X) are replaced by f ∈ K[x] and f (X) = X. He claims (see Theorem 10.7 of [17] ) that it follows immediately from the definition that property (P) is preserved under finite extensions. This is obvious for Liardet's original definition but we have not been able to verify this for Narkiewicz's definition. Narkiewicz also asks whether, with this definition, property (P) is equivalent to property (P) (see Problem XIX of [17] ). However, due to Theorem 6.2 the answer to this question is certainly no, provided (P) is preserved under finite extensions.
An analogue of property (P) for rational functions was introduced by Narkiewicz in [17] . Definition 6.6 (Narkiewicz). A field K is said to have property (R) if the following implication holds true: if f is a rational function in K(x) and there exists an infinite subset X of K with f (X) = X then there exist α, β, γ, δ ∈ K such that f (x) = (αx + β)/(γx + δ).
In fact a similar version of property (R) with f (X) = X replaced by X ⊆ f (X) was already introduced earlier by Liardet in [13] .
Next we prove a simple lemma which could also be quickly deduced from Lemma 9.2. b) in [17] .
Let us recall some basic facts. For every rational function f (x) ∈ Q(x) there exists an effectively computable constant c f > 0 depending only on f such that h(f (x)) ≥ deg f h(x) − c f for all x ∈ Q not poles of f (see, e.g., Corollary 3.3 in [20] ). This implies that if deg f ≥ 2 then h(f (x)) ≥ (3/2)h(x) for any x ∈ Q with h(x) ≥ 2c f and which is not a pole of f . Lemma 6.7. Suppose f (x) ∈ Q(x) of degree at least 2, and suppose X ⊆ Q has property (N) and is such that X ⊆ f (X). Then h(α) ≤ 2c f for any α ∈ X, in particular, X is finite.
Proof. First note that X ⊆ f (n) (X) for all n. Let
Each α in X 1 has height at most 2c f , and so it suffices to show that the set X 0 is empty. Clearly f (n) (X 0 ) ∩ X ⊆ X 0 and f (n) (X 1 ) ∩ X ⊆ X 1 , and thus f (n) (X 0 ) ∩ X = X 0 for all n. Not forgetting the Northcott property we see that the latter is a contradiction if X 0 is non-empty and n is large enough.
The next result collects all the known implications regarding the field properties introduced.
Theorem 6.8. For arbitrary fields we have the following implications:
Moreover, for subfields of Q property (N) implies all of the properties (K), (SP), (P), (R) and (P).
Proof. The implications (SP) ⇒ (P), (P) ⇒ (P) and (R) ⇒ (P) are obvious. Next we prove that property (K) implies property (SP). To this end we take Ψ = id the identity so that Ψ is injective on any subset of K n and D = 1. Now let f = Φ : K n → K n be any admissible polynomial mapping. Hence d > D. Suppose X is a subset of K n satisfying f (X) = X, and therefore, X = Ψ(X) ⊆ Φ(X) = f (X) = X. As K has property (K) we conclude X is finite and therefore K has also property (SP). Now suppose K is a subfield of Q with property (N).
Property (K) for the field K follows immediately from Theorem 2 and Corollary 1 in [10] (the reader should be warned: in [10] the authors write property (VP) for property (K)), by observing that, if K has property (N) and h n : Q n → [0, ∞) is the usual absolute non-logarithmic Weil height, then of course also K n , with respect to h n , has property (N). Next we will show that K has property (P). To this end suppose f ∈ Q[x] is a polynomial of degree at least 2, let X ⊆ Q be a set of elements of uniformly bounded degree over K and suppose X ⊆ f (X). We shall prove that X is finite. By Theorem 2.1 of [8] the set X has property (N). Hence we can apply Lemma 6.7 and the claim follows.
Finally, we will show that K has property (R). So let f be in K(x) and not of the form (αx + β)/(γx + δ) for α, β, γ, δ ∈ K. This means deg f ≥ 2. Now suppose X ⊆ K with f (X) = X. By Lemma 6.7 we conclude that X is finite and this proves that K has property (R).
In [17] Narkiewicz addressed also the following questions: Is property (P) equivalent to property (P)? (Problem XIX). Is property (K) equivalent to property (P)? (Problem XX).
Although not explicitly mentioned in Dvornicich and Zannier's work, Theorem 6.2, combined with older results of Liardet, Halter-Koch and Narkiewicz, answers both of these questions.
Corollary 6.9. Let K be as in Theorem 6.2 
. Then K has property (P) but none of the properties (K), (SP), (P).
Proof. By Theorem 6.2 the field K has property (P) and the finite extension K ′ of K does not have property (P). By Theorem 6.8 each of the properties (K), (SP) and (P) implies property (P). Moreover, the properties (K), (SP) and (P) are preserved under finite extensions; for property (K) and (SP) this was shown in [10] (see Theorem 1), and for property (P) see Remark 6.5. Hence K cannot have any of the properties (K), (SP) or (P).
Narkiewicz also addresses the problem to give a constructive description of fields with property (R), and more specifically: does Q (2) have property (R)? ( [17] Problem XVIII). We already know that Q (2) has property (N), and therefore, by Theorem 6.8, it has all of the properties in question.
Corollary 6.10. The field Q (2) has the properties (N), (K), (SP), (P), (R) and (P).
Clearly each number field has properties (K), (SP) and (P). It is also known that these properties are preserved under finite extension. For fields of algebraic numbers one could therefore ask whether these properties are even preserved under taking the compositum of two fields. Regarding this question we have the following answer.
Corollary 6.11. For fields of algebraic numbers the properties (N), (K), (SP), (P), (R) and (P) are in general not preserved under taking the compositum of two fields.
Proof. Corollary 2 in [19] provides fields L 1 , L 2 with property (N) whose compositum L 1 L 2 contains infinitely many roots of unity (see the example right after Theorem 5). By Theorem 6.8 we see that L 1 and L 2 have all of the properties in question. Taking f (x) = x 2 we conclude moreover, that L 1 L 2 has infinitely many preperiodic points under the polynomial mapping f . By Proposition 3.1 from [8] we conclude that L 1 L 2 does not have property (P). Hence, again by Theorem 6.8, it has none of the properties (N), (K), (SP), (P), (R) and (P).
